Reccnt advances in thc theory of dilute polymer solutions are critically summarizcd. The following topics are discussed: thcory ofthe excluded volume effect, including perturbation theory, the asymptotic solution, and approximatc trcatments; thc sccond virial coefficient; thc theory of intrinsic viscosity. cspccially pcrturbation thcory: comparison of theory with experiment using data rcccntly obtaincd for monodisperse polystyrenes; methods of dctcrmining the binary duster integral; and simple analysis of the binary clustcr integral by a cell-theory approach.
INTRODUCTION
The statistical mechanics of polymer solutions has been for many years one of the active tields of polymer science because of its close relation to molecuhlr characterization. Specifically, since the concept of the excluded volumc dTect in a polymer chain was introduced by Flory 1 • 2 in 1949, there have been a number of significant advances in the study of this effect and the related equilibrium and nonequilibrium properties of dilute polymer solutions. These advances, made during the last two decades, have delineated the relationship between the theory in the field, now called the two-parameter theory, and other branches of the molecular sciences. There are now various aspects of the field which are covered by the two-parameter theory 3 . In this paper, emphasis is focused on the following characteristics and problems.
First, the excluded volume problern in a single polymer chain is a manybody problem, and many mathematical difficulties are encountered. Indeed, an exact asymptotic solution for an infinitely long chain with large excluded volume has not yet been obtained, though the problern may be unravelled applying the techniques used in solving many-body problems in simple tluids and many-electron systems. This is in cantrast with the problern in contigurational statistics of polymer chains without excluded volume which is equivalent to the problern in one-dimensional cooperative spin systems and is therefore amenable to exact solution. Although the asymptotic solution to the excluded volume problern cannot be directly compared with experiment, it is of great statistical-mechanical interest and is also useful in deriving approximate closed expressions.
Second. there have been a nurober of attempts to derive approximate dosed expressions for the expansion factor and the second virial coefficient which are valid over a wide but experimentally accessible range of exduded volume interaction. However, there have been very few investigations of the nonequilibrium properties, such as intrinsic viscosity, of polymer chains with exduded volume. In this case. we must solve simultaneously the problern of polymer dynamics. such as the problern of the hydrodynamic interaction which exists even in the unperturbed 8-state. Nevertheless, the establishment of such consistent expressions for all equilibrium and nonequilibrium properties is very important, because it provides an understanding of the physical processes in dilute polymer solutions and also methods of determining the two basic molecular parameters, the unperturbed dimension and the binary duster integral for a pair of segments. We note that several advances have recently been made also in the perturbation theories of equilibrium and nonequilibrium properties.
Third. when we attempt to make experimental tests of the derived approximate expressions. a fundamental difficulty arises from the fact that the binary cluster integral and hence the exduded volume parameter are not directly observable. Even with Monte Carlo data. another difficulty arises from the fact that there is a gap between lattice chains and polymer chains. This is in cantrast with the theory of simple fluids. Although the latter also involves the many-body problem. experimental tests of the derived approximate equations of state can be achieved by examining the relationship between pressure and density with the use of actual experimental data and also of molecular dynamics data.
The fourth point is concerned with the theoretical interpretation of the two basic molecular parameters appearing in the theory. As for the unperturbed molecular dimension, extensive investigations have been made during the past decade, and the methods and results are summarized in books by Volkenstein 4 • by Birshtein and Ptitsyn 5 , and by Flory 0 . The present paper is not, of course, intended to discuss this subject. On the other hand, very few investigations of the binary duster integr-al have been published. However, it is this parameter that has a close relation to the exduded volume efTect. and plays an important role in the interpretation of interactions in dilute polymer solutions on the molecular and atomic Ievels.
In the following sections, we discuss these problems in more detail, summarizing the results recently obtained by the present author and collaborators. We emphasize that the resolution of the many-body problern in polymers consists of exploring the dependence of dilute-solution properties on polymer molecular weight. and that this Ieads to correct estimatcs of the molecular parameters.
TWO-PARAMETER THEORY
Consider a model polymer chain composed of n identical segments (beads) joined linearly with a bond of etlective length a. Suppose that interactions between two segments belanging to the same chain or different chains in dilute solutions may be described in terms of the pair correlation function g(r) as a function of the separation r between segments averaged over all orientations. 'With g(r) , define the binary duster integral ß by ß = J [1 -g(r) ] dr, (1) which represents the efTective exduded volume for a pair of segments at infinite dilution. Then, all the equilibrium and nonequilibrium properties of dilute polymer solutions may be expressed in terms of the two parameter combinations na 2 and n 2 ß within the framework of the two-parameter theory, i.e., on the assumptions that n ~ 1, ß ~ (na 2 )!, and the potential is pairwise additive. We may choose as the two basic parameters the unperturbed mean-square end-to-end distance (R 2 ) 0 (or the unperturbed meansquare radius of gyration (S 2 ) 0 ) and the exduded volume parameterz:
We note that the parameters n and a, and also n and ß, never appear separately in the final equations. In other words, the final equations are invariant to the choice of n, and the value of n may therefore be, to some extent, arbitrary as long as the val ue of ß itself is not discussed. (R 2 ) and (S 2 ) the mean sqmrre end-to-end distance and radius of gyration of the chain with exduded volume, respectively. These expansion factors may be expressed as functions of z only. For small z, an evaluation of rtR and rt 5 can be carried out in a manner similar to the virial or duster expansion of the gas pressure at low density. The results obtained so far are summarized as follows, cx.R
The linear term of cx.R 2 was derived by Teramoto 7 and many other investigators8-11 long ago, the quadratic term of rtR 2 As for the derivation of approximate closed expressions for aR or a 5 , various attempts have been made for many years 3 . In these the problern has been approached from two starting points. One begins with the closed form of the distribution function of the end-to-end distance R.
where Z is the configurational partition function, P 0 (R) is the unperturbed distribution, and V(R) is the potential of mean force with R fixed. In this approach. the problern is to evaluate V(R). Recently. Fujita et a/. 25 have shown that within the framework of the two-parameter theory. V(R) may be expressed exactly in the form, (8) i <i 0 where the conditional probability density, P(Oul R), for the contact between thc ith and jth segments with R tixed is tobe evaluated in the perturbed state.
In the earlier treatments belanging to this category, the conditional probability density in equation 8 was evaluated in the unperturbed state. However, this has a significant intluence on the final result. F or instance, K urata, Stockmayer. and Roig 11 have evaluated P in equation 8 in the unperturbed state for an ellipsoid model to derive an equation of the third-power type for aR. while evaluation of P in the perturbed state for the same model Ieads to an equation of the fifth-power type 25 . In general, fifth-power type equations are obtained irrespective of the form of distribution of segments if P is evaluated in the perturbed state with the use of a uniform-expansion approximation 3 · 15 · 16 . We note that Alexandrowicz 17 has also used an expression for V(R) similar to equation 8.
There hold similar equations also for the distribution function P(S) of the radius of gyration S and the potential V(S). Strictly, however. P 0 (S) is not Gaussian, and the problern is more difficult. lf we assume the Gaussian P 0 (S) and the spherically symmetric distribution of segments, that is:
and C is adjusted to give the exact first-order perturbation theory, the modified Flory The other approach is a derivation of a differential equation for rxR or as. lt was attempted first by Fixman (F) 10 • 36 , and subsequently by Ptitsyn (P) 37 . Both these theories give equations of the third-power type for r:x.R and as. Yamakawa and Tanaka (YT) 13 have extended this approach to derive a hierarchy of differential equations for aR or 11. 8 , by analogy with the technique in the theory ofliquids. The hierarchy has been truncated appropriately to give higher-order approximations to aR and rxs. The values of rxs 3 predicted by these three theories are also plotted in Figure 1 . lt is seen that the values predicted by the YT theory are very close to those predicted by the FN theory of the fifth-power type. In the Figure are also plotted the values predicted by the original Flory (F,o) theory 1 . 183 11 5 as functions of z using Monte Carlo data 3 , the recent available data 38 -40 Iead tothedefinite conclusion that neither aR 3 nor a/ is linear in nl. Furt her, the extrapolated data for lattice chains 41 -43 support the asymptotic solution of the fifth-power type.
Second virial coefficients
The second virial coellicient A 2 may bc expressed in the form,
2 )tp_ (9) where N is the Avogadro number. M is the polymer molecular weight, and tp is a ttnction of z which represents the degree of interpenctra!ion of polymer molecules in dilute solution. The problern is to evaluatc lf. and this is also a many-body problem. For small z, the cluster-expansion technique is again useful. The results obtained so far are summarized as follows,
2 -... ) (10) with z = zirt 5 3 . In equation 10, we have ignored the corrclation between intramolecular and intermolecular interactions. since it has no great influence on the result'l- 
Thc reason is that both have becn derived by the hierarchy approach, and the intramolecular and intermolecular hierarchies have been truncated in mathematically consistent closure approximations. lntrinsic viscosities Therc are two problems in the development of the theory of intrinsic viscosities [17] . One is concerned with the unperturbed chain, that is, the evaluation of the Flory-Fox constant ll> 0 (in the unperturbed state) 53 , and the other is to evaluate the viscosity-radius expansion factor cx" defined by
It is important to note that the evaluation of cx" depends on the theory of ll> 0 . 64 - 66 . However, it seems that the Oseen formula has still some practical value in the case of flexible chains.
There is another difficulty concerning the hydrodynamic interaction. Use of the Oseen formula gives the draining effect, that is, the dependence of ll> 0 on molecular weight. However, such an effect has never been observed experimentally for flexible chain polymers. Very little attention has been directed to this problem 64 74 have introduced exactly the effect into the Hearst theory on the basis of the Fixman-Pyun theory and obtained the value of 1.06 for C 1 . At present, this last value may be regarded as most rigorous.
However, there has not been derived an approximate closed expression for a" which gives the tirst-order perturbation theory of Yamakawa and Tanaka at small z.
COMPARISON WITH EXPERIMENT
Great efforts have been made to achieve a direct experimental test of the two-parameter theory, instead of an indirect test provided by viscosity plots 22 · 7 5 . The foremost of these is the work of Berry 7 ' · 77 . As already mentioned, the binary cluster integral fi, and hence the parameter z. cannot be estimated directly from experiment. However. Berry has attempted to estimate {i. assuming the temperature dependence,
where {J 0 is a constant independent of temperature, and can be determined from the temperature dependence of A 2 near the B-temperature. Thus Berry has determined values of z for polystyrene in decalin and toluene, and plotted a/, and also a" 3 , against z. We believe that it is the best way to use, if possible, these plots as a criterion of validity for a theory. However. there is no justification of validity of the assumption (15) over a wide range of temperature 49 , and moreover, it is ditlicult to determine {J 0 • accurately. 
Expansion factors and second virial coefficients
What have been adopted as criteria ofvalidity of a theory are the following: ( 1) consistency in the values of z determined from observed values of rxs and from observed values of 'P using the theoretical expressions for rxs and 'P, and (2) linearity between Mt and z determined from observed values of rxs using its theoretical expression. The tirst criterion arises from the fact that the binary duster integral for segments in the same chain must be the same as that for two segments belanging to different chains. Clearly the second criterion is required by the definition of z. These two criteria involve no assumptions. The fulfilment of criterion (1) may be examined conveniently by constructing plots of 'P against rxs 3 , as proposed by Fujita et al. 78 • Figure 2 shows such plots for polystyrene in benzene, toluene, and dichloroethane at 30oC and in cyclohexane at temperatures ranging from 32o to 60°C
•
The data for A 2 and (S 2 ) have been obtained from light-scattering measurements by the method of square-root plots 76 . The broken curve represents the best fit to all published data cited above, the present data being consistent with those. Thus both tp and a 5 are seen to be functions of z only. We now turn to the examination of criterion (2) . Figure 3 shows plots of z against the square-root of the weight-average molecular weight, M }, for polystyrene in benzene 82 , where the values of z have been estimated from observed values of a 5 using the theories indicated. The data points obtained from the F.o. F,m, and YT theories are seen to fall close to the respective straight lines passing through the origin, indicating that these theories satisfy criterion (2) . On the other hand, the F and P equations are seen to Iead to nonlinear relations between z and Mi, indicating an inadequacy of equations of the third-power type.
From the above analysis and all previous investigations of this type, we may conclude that combination Y satisfies both criteria (1) and (2) . [17] being expressed in deciliters per gram. The curve is an empirical fit to all data cited above; the plots may be well represented by a single-composite curve. This suggests that the two-parameter theory does work weil for the intrinsic viscosity as weil as the equilibrium properties, and therefore that there is no draining effect irrespective of the value of z. We note that earlier 189
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2 Thc symhols havc thc same stgnificance as those in Fiyure 2. The curve is an empirical fit to the previous data. data for the above ratio have been found to scatter remarkably when plotted against r.x.,/ -1, or r.x/ -1 22 . This is probably due to the inaccuracy of the estimates of A 2 obtained from the conventional plots.
Whether the draining effect exists or not for z > 0 may be examined more explicitly as follows. lf r.x' IJ is a function of r. x 5 only, then r. x' IJ must be a function of z only, since r. x 5 is a function of z only. In order to demoostrate this, Fujita et a/.
79 have proposed to plot log r.x,/ against log r.x/. Such plots can be made without any assumptions, and are explicitly shown for our polystyrenes in Figure 5 , where the curve is an empirical fit to all data cited above. The plots form a single-composite curve, and we therefore have support for the earlier conclusion that there is no draining effect for flexible chains irrespective ofthe value of z, as advocated first by Flory 2 • Our problern is then to test approximate two-parameter theories of the intrinsic viscosity. F or this purpose, it is convenient to plot f/Jjf/J 0 ( = a" 3 ja/) against rx 5 3 . 
Now we examine the behaviour of rx"
3 as a function of z. We may determine values of z from observed values of a 5 using the YT equation (12) , as already discussed. In Fiyure 7 are plotted values of rx" 3 against z for our polystyrenes, where the curve is an empirical fit to all data cited above. The insert in the figure is an enlargement of the region of small z. Straight lines (1) to (3) represent the first-order perturbation theory predictions ( 14) with C 1 = 1.06 (Yamakawa and Tanaka), C 1 = 1.55 (Kurata and Yamakawa) . and C 1 um (Fixman) ( 17) by the use of thesc cquations. As alrcady notcd and also as sccn from cq uation 17, an analysis of the binary clustcr integral fi itself requires thc assumption of the size of a segmcnt. Throughout the remaindcr of this papcr. we considcr thc binary cluster integral per monomeric unit. for conveniencc. V\fc lirst summarize practical methods ofdetcrmining fi, and then attcmpt a theoretical interpretation of the values of /) for sevcral systems. fo r 0 < a "J < 1 . 6. for 0 < rx."J < 2.5. ----------.----------~----------~------- 
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Theoretical interpretation
As seen from the definition of /), it is closely related to the second virial coeflicient for segments, or monomeric units. Consider now a hypothetical solutionsuch that the solute molecules are monomeric units which would be obtained by cutting the parent chain. The second virial cocfticient A 2 ° for this solution may be related to ß by the equation.
( 19)
where m is the molecular wcight of the monomeric unit. We note that A 2 ° isjust the single-contact term ofthe second virial coeflicient for the polymers.
Thus ß can be computed by an cvaluation eithcr of the free energy of mixing or of the pair correlation function for solutes in very dilutc solutions composed of small molecules. Yamaka wa et a/.
89 have cvaluatcd the excess binary cluster integral for polar polymers by thc seconJ approach, a comparison of theory with experiment having been made for poly-p-halostyrenes. Vcry recently, Yamakawa and Fujii 90 have attempted a simple analysis by the lirst approach, which wc brietly describe here.
Yamakawa and Fujii have adoptcd thc smoothcd-potential cell model of Prigogine 9 1 to evaluate the frec cnergy of mixing. For this modcl, the contigurational partition function Z for the solution (of small moleculcs) may be written in the form. (20) where Zc dcnotes the combinatorial factor. N is thc number of all molccules in the solution, z; is the average molecular volumc, v* is its hard core volume. and E 0 is thc average intermolecular cnergy. lt is now known that real liquid mixtures may be weil rcpresented by van der Waals liquid models 92 · 9 \ as delined by E 0 = const. v-1 and uscd by Flory and co-workcrs 94 97 .
However, we must assume Lennard-Joncs liquid models for our purpose, since we are considcring the hypothetical solution and equation of state data for the solute monomcric units arenot available. Although such models are less satisfactory, thc proccdure adopted has becn shown to bc good enough to draw an important conclusion as a lirst approximation 90 . Then, the thermodynamic properties. 
Obs.a
Calc.
-----·---------- the molecular Ievel. The asymptotic solution for the expansion factor and the many-body problern in the nonequilibrium theory require further investigations.
